











































































































A combinatorial Characterization of Geometric 3 manifolds
Joint w D Cooper and L Maurakis

Overall idea Thurston

Let T be a familyof manifolds
find M a finite construction kit withgluingrules

such that

g m e the set of Copt manifolds thatcan be
built with the pieces of M

is exactly I

Example

r let 7 coversof ofdeg237

Claim withthe following
gluing rules
buildexactly T

gluingRules i j means that theendof i is glued to startoff
1 2 2 3 3 4 3 5 3 1 441 5 1

Pfsketch 2 party
M builds all covers of degzz
M builds no otherdosed 1 mfds

Noted pieces 1,2 3 build all covers ofdeg 3k
Note2 pieces 1,2 3,4 build all covers ofdeg 34 2 3k
Note3 pieces 1,2 3,5 build all covers ofdeg 3kt 2 34
















































































































dig deyu deg5 day6

now do
wear.intiaijiEIiiIiIt
i leave out piece

r b

Ii choosegluing rules carefully
so that

all closed mtds built with M mustcontain a 3 piece

Claim Let S covers of of deg243

Then is a Legoset forS

Det A localmodel is Kir where k triangulation ve ko

Let M be a finiteset of localmodels

A simplicial complex L is modelled Inme if for each
vertex w o L F a nbd of w that is s homeo to aCK v EM
A family of manifolds is locally combinatoriallydefined LCD
if y g m for some M














































































































ExamplesofLCDfamilies

1 Covers of of deg Z K

A2 Covers of 1

3 Let Ms Ds u
My Da v by cyclicallyarranging n

My ya y y

the h s a disc formed

triangles around v

g Mn set of compactsurfaces with X s Én 6

Note M Ds v Dan Da v then

g m all opt surfaces

4 theorem Cooper Thurston Walker 85 the set of
closed orientable 3 mfds is LCDusing 3 local models

Rain theorem Cooper Marrakis P

the set of closed orientable 3manifolds that admit
a particular Thurston geometry is LCD 8 theorems in one

weneed an alternateperspective

Claim The setof closed I mfds thatimmerses in



































































































W
is exactly the set

of covers of of

deg 23

all of these covers immerse in W

a closed mfd that immerses in W is oneof these overs

EQUIVALENCE

A family T of 7 branched n mfd W sit

n mfds is LCD Maw ift M E T

Let A branched n manifold is a generalization

of a train track and branched surface

Thurston's 8 geometries
x IR 3 Max IR SIR E3 Nil Hyperbolic Sol

I








 t
these are all Seif fiberedspace Sts i.e a circle bundle

over a 2 dim
orbifold B

Today Focus on spherical manifolds

Def A sphericalmanifold M
3
p where to 50.4

is a finitesubgroupactingfreely byrotations on
3

all such meds are closed orientable

But also a SFS admits aThurstongeometrydeterminedby
ecm c Q and Xo B

ecmlmeasyth
edefedfom

ngaproduct.Equir.pe

A spherical manifold is a SFS w Xorb B o

and e m 0

n
representing every point

onblackedgebranched 3 mfd rep T
Ms

solid torus

F It Ms P KII

EIx
Wherearethelensspaces



theorem CMP A dosedorientable 3 mfd M immerses in Ms

iff M is a spherical manifold

types of spherical 3 manifolds
Possiblebaseorbifolds B with X orb B o

1 2 2,2 n h 0

27 IRP n n o
lens spaces

3 nin n o prism manifolds

4 2 2 3 n n 3 4,5 other

Terminology LetA Dax be a solidtorus Thecurved inOA T
boundingthe disc ID is called themeridian ofA

1111
Standardsolidtones
standardMeridian

Def A lensspaceM is obtainedfromtwo solidtori A and C

by gluing OA to dc subject tothe condition thatthe
meridian d of A does notequal themeridian 8 of C

Note Fixing A to be the standard solid torus then

in thebasis o Y for H Cdc21 8 E where

pig are coprime and E



Question where do lens spaces possibly immerse in

Note Solid torusU T XI solid torus

consider matrices lol and R if then

4 T RLS a b

EX Suppose A C are solid tori 2 Edt standardmerid

and F E Edc

c g
A

Then R R L



Lemmy For any Pa o with pig coprime

F Q E CL R R s t Q Pa

Therefore
any lens space immerses in Ms with

immersion

path endpts Xz Xs EP

Whataboutthe other direction of theproof
Wehavetaken precautions s t 48 and T XI n don't immerse inMs

Lemmy Foranyclosedmfd M that immerses inMs the immersion
path in P has endpoints in X X2 Xs Z

2,213

EYEYE X

T

Note T XI A is impossible

y
2

I can'tglueupandgeta mfd

tIyadner



Lemmy If M is dosed mfd w immersionpathendpts
X and Xs then M is a lens space

or acover of a lensspace

FMissphericala


